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The theory ofmicropolar ﬂuids has received great attention dur-
ing the recent years, because the traditional Newtonian ﬂuids
cannot precisely describe the characteristic of ﬂuid with sus-
pended particles. A micropolar ﬂuid obeys the constitutive
equations of the considered non-Newtonian ﬂuid model. In
the micropolar ﬂuid model, apart from the classical velocity
ﬁeld, a microrotation vector and a gyration parameter are intro-
duced in order to investigate the kinematics of microrotation.
Such ﬂuid model may be applied to explain the ﬂow of.com.
tian Mathematical Society.
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2.010colloidal solutions, liquid crystals, ﬂuids with additives, suspen-
sion solutions, animal blood, etc. The presence of dust or smoke
particular in a gas may also be modeled using micropolar ﬂuid
dynamics. Unlike the other ﬂuids, micropolar ﬂuids are ﬂuids
with microstructure belonging to a class of ﬂuids with non-
symmetrical stress tensor. Physically, they represent ﬂuids
consisting of randomly oriented particles suspended in a viscous
medium. The theory of micropolar ﬂuids, ﬁrst proposed by
Eringen [1,2] is capable of describing such ﬂuids. In this theory
the local effects arising from themicrostructure and the intrinsic
motion of the ﬂuid elements are taken into account. This is a
kind of continuum mechanics, and many classical ﬂows are
being re-examined to determine the effects of ﬂuid microstruc-
ture [3–5]. Early studies along these lines may be found in the re-
view article by Peddieson and McNitt [6], and in the recent
books by Lukaszewicz [7] and Eringen [8]. The boundary layer
ﬂow and heat transfer in a quiescent Newtonian and non-
Newtonian ﬂuid driven by a continuous stretching sheet is ofgyptian Mathematical Society. Open access under CC BY-NC-ND license.
386 M. Abd El-Azizsigniﬁcance in a number of industrial engineering processes,
such as the drawing of a polymer sheet or ﬁlaments extruded
continuously from a die, the cooling of ametallic plate in a bath,
the aerodynamic extrusion of plastic sheets, the continuous cast-
ing, rolling, annealing and tinning of copper wires, the wire and
ﬁber coating, etc. During the processes, mechanical properties
are greatly dependent upon the rate of cooling.
Sakiadis [9] was the ﬁrst to study the ﬂow ﬁeld due to a sur-
face which is moving with a constant velocity in a quiescent
ﬂuid. Since then, various aspects of this problem such as heat
and (or) mass transfer, suction/injection, linear or non-linear
stretching of the surface, uniform or non-uniform wall temper-
ature/heat ﬂux, Newtonian and non-Newtonian ﬂuids were
considered in the literature [10–28]. The studies reported above
dealt with a steady ﬂow, heat and mass transfer in a semi-
inﬁnite ﬂuid layer driven by a continuous stretching sheet only.
However, the velocity and thermal ﬁelds will become unsteady
due to the impulsive change in the surface velocity or temper-
ature (heat ﬂux) or due to the time-dependent variations in
them. Since it is not possible to maintain steady-state condi-
tions, the study of the unsteady ﬂow over a stretching surface
is also important. The ﬂow problem caused by the impulsive
stretching of a sheet has been investigated by a number of
authors [29–32]. Elbashbeshy and Bazid [33] investigated the
problem of ﬂow and heat transfer over an unsteady stretching
surface. Recently, Abd El-Aziz [34–36] extended the problem
of Elbashbeshy and Bazid [33] to include various aspects such
as thermal radiation, Hall currents and time-dependent chem-
ical reaction. Very recently, Bachok et al. [37], studied the sim-
ilarity solutions of the unsteady boundary layer ﬂow and heat
transfer due to a stretching sheet.
In actual practice, the ﬂow over a continuous material mov-
ing through a quiescent ﬂuid is induced by the movement of
the solid material and by thermal buoyancy. Therefore, these
two mechanisms, surface motion and buoyancy force, will
determine the momentum and thermal transport processes.
The thermal buoyancy force arising due to the heating or cool-
ing of a continuously moving surface, under some circum-
stances, may alter signiﬁcantly the ﬂow and thermal ﬁelds
and thereby the heat transfer behavior in the manufacturing
process. Also, on account of the recent advances in electronics,
nuclear energy and space technology, the study of buoyancy
induced ﬂows of non-Newtonian ﬂuid continues to be a major
area of interest. Some important practical applications involve
the predictions of environmental pollution in the ocean and
atmosphere, thermal stratiﬁcation in lakes, as well as develop-
ment and design of chemical processing equipment. Recently,
Mukhopadhyay [38] studied the effect of thermal radiation
on unsteady mixed convection ﬂow and heat transfer over a
porous stretching surface in porous medium.
The purpose of the present work is to study the unsteady
boundary layer ﬂow and heat transfer characteristics of a
micropolar ﬂuid along a stretching vertical sheet taking into
account the effect of buoyancy force. This study may be appli-
cable to polymer technology involving the stretching of plastic
sheets. Many metallurgical processes involve the cooling of
continuous strips or ﬁlaments by drawing them through a qui-
escent ﬂuid. During the process of drawing the strips are some-
times stretched. In such situations the quality of the ﬁnal
product greatly depends on the rate of cooling and the stretch-
ing rate. The choice of an appropriate cooling liquid is crucialas it has a direct impact on rate of cooling and care must be
taken to exercise optimum stretching rate otherwise sudden
stretching may spoil the properties desired for the ﬁnal out-
come. By drawing the continuous strips or ﬁlaments in a
micropolar ﬂuid the rate of cooling may be controlled, thereby
giving the ﬁnal product some desired characteristics.
2. Analysis
The formulation of a micropolar ﬂuid theory was attributed to
Eringen [1,2] and the governing equations in the vector ﬁelds
are as follows [7]:
@q
@t
þ O  ðqVÞ ¼ 0 ð1Þ
q
DV
Dt
¼ Opþ jO x ðlþ jÞO O Vþ ðkþ 2l
þ jÞOðO  VÞ þ qf ð2Þ
qj
Dx
Dt
¼ jO V 2jx cO O xþ ðam þ bm
þ cÞOðO  xÞ þ ql ð3Þ
q
DE
Dt
¼ pO  Vþ qU O  q ð4Þ
where
qU ¼ kðO  VÞ2 þ 2lD
: Dþ 4j 1
2
O V V
 2
þ amðO  xÞ2 þ cOx
: Oxþ bmOx : ðOxÞT ð5Þ
Here, D/Dt is the material time derivative, U is the dissipation
function of mechanical energy per mass unit, D denotes the
deformation tensor with D ¼ 1
2
ðVk;l þ Vl;kÞ; E the speciﬁc
internal energy and by q the heat ﬂux, q is the density of ﬂuid,
V is the velocity vector, x is the micro-rotation vector, p is the
thermodynamic pressure, f is the body force vector, j is the mi-
cro-inertia density, l is the body couple vector, l is the dynamic
viscosity, k is the second order viscosity coefﬁcient, j is the
vortex viscosity (or the microrotation viscosity) coefﬁcient
and am, bm, c are the spin gradient coefﬁcients, respectively.
The constitutive equations, giving the stress tensor skl and
the couple stress tensor Mkl are given by:
skl ¼ ðpþ kVr;rÞdkl þ lðVk;l þ Vl;kÞ þ jðVl;k  klmxmÞ
Mkl ¼ amxr;rdkl þ bmxk;l þ cxl;k
where dkl and eklm are the metric tensor and the covariant e-
symbol, respectively.
The material constants must satisfy the following inequali-
ties, derived from the Clausius–Duhem inequality:
3kþ 2lþ jP 0; 2lþ jP 0; jP 0
3am þ bm þ cP 0; c > jbmj:
Eqs. (1)–(4) represent conservations of mass, linear momen-
tum, angular momentum and energy, respectively. We remark
that for j= am = bm = c= 0 and vanishing l and f , micro-
rotation xbecomes zero, and Eq. (2) reduces to the classical
Navier-Stokes equations. Also we note that for j= 0, the
xUw(x, t)
T∞
g
y
Tw (x, t)
slot
u∞= 0
Cooling
fluid
Figure 1 Schematic representation of the physical model and
coordinates system.
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micro-rotations do not affect the global motion.
Consider an unsteady two dimensional, mixed convection
boundary layer ﬂow of a viscous incompressible micropolar
ﬂuid over an elastic, vertical and impermeable stretching sheet
which emerges vertically in the upward direction from a nar-
row slot with velocity [39]
Uwðx; tÞ ¼ ax
1 at ; ð6Þ
where both a and a are positive constants with dimension per
time. A schematic representation of the physical model and
coordinates system is depicted in Fig. 1. The positive x coordi-
nate is measured along the stretching sheet with the slot as the
origin and the positive y coordinate is measured normal to the
sheet in the outward direction toward the ﬂuid. The surface
temperature Tw of the stretching sheet varies with the distance
x from the slot and time t as [40]
Twðx; tÞ ¼ T1 þ bxð1 atÞ2 ð7Þ
where b is a constant with dimension temperature over length
and mis the kinematic viscosity of the ambient ﬂuid. It is apt to
note here that, the expressions for Uw(x, t) and Tw(x, t) in Eqs.
(6) and (7) are valid only for time t< a1 unless a= 0.
Expression (6) for the velocity of the sheet Uw(x, t) reﬂects that
the elastic sheet which is ﬁxed at the origin is stretched by
applying a force in the positive x -direction and the effective
stretching rate a/(1  at) increases with time. With the same
analogy the expression for the surface temperature Tw(x, t) gi-
ven by Eq. (7) represents a situation in which the sheet temper-
ature increases (reduces) if b is positive (negative) from T1 at
the slot in proportion to x and such that the amount of tem-
perature increase (reduction) along the sheet increases with
time. It is assumed that the radiation effect is neglected in
the energy equation. It is further assumed that the ﬂuid prop-
erties are taken to be constant except for the density variation
with the temperature in the buoyancy term. Then under these
assumptions, the governing two-dimensional boundary layer
equations may be written as:
@u
@x
þ @v
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¼ 0 ð8Þ@u
@t
þ u @u
@x
þ v @u
@y
¼ lþ j
q
 
@2u
@y2
þ j
q
@N
@y
þ gbðT T1Þ ð9Þ
qj
@N
@t
þ u @N
@x
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@y
 
¼ r @
2N
@y2
 j 2Nþ @u
@y
 
ð10Þ
@T
@t
þ u @T
@x
þ v @T
@y
¼ a0 @
2T
@y2
þ lþ j
qcp
 
@u
@y
 2
ð11Þ
where u and v are the velocity components along the x- and y-
axes, respectively, T is the ﬂuid temperature, N is the compo-
nent of the microrotation vector normal to the x–y plane, ris
the spin-gradient viscosity and a0(=k/qcp) is the thermal diffu-
sivity with k is the ﬂuid thermal conductivity and cp is the heat
capacity at constant pressure.
The associated boundary conditions are
u ¼ Uwðx; tÞ; v ¼ 0; N ¼ 0; T ¼ Twðx; tÞ at y ¼ 0;
u ! 0; N! 0; T ! T1 at y ! 1
ð12Þ
To proceed, we introduce the following transformation
variables:
g ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a
mð1 atÞ
r
y; w ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ma
1 at
r
xfðgÞ ð13Þ
N ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a3
mð1 atÞ3
s
x hðgÞ; T ¼ T1 þ bxð1 atÞ2 hðgÞ ð14Þ
in which w(x, y, t) is the physical stream function which auto-
matically assures mass conservation (8). The velocity compo-
nents are readily obtained as:
u ¼ @w=@y ¼ Uwf0ðgÞ; v ¼ @w=@x
¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ma
1 at
r
fðgÞ ð15Þ
The mathematical problem deﬁned in Eqs. (9)–(11) are then
transformed into a set of ordinary differential equations and
their associated boundary conditions:
ð1þ DÞf000 þ ff00  ðf0Þ2  A
2
ð2f0 þ gf00Þ þ Dh0 þ nh ¼ 0 ð16Þ
k0h
00 þ fh0  f0h A
2
ð3hþ gh0Þ  DBð2hþ f00Þ ¼ 0 ð17Þ
1
Pr
h00 þ fh0  f0h A
2
ð4hþ gh0Þ þ Ecð1þ DÞðf00Þ2 ¼ 0 ð18Þ
and
fð0Þ ¼ 0; f0ð0Þ ¼ 1; hð0Þ ¼ 0; hð0Þ ¼ 1 ð19Þ
f0ð1Þ ¼ 0; hð1Þ ¼ 0; hð1Þ ¼ 0 ð20Þ
where prime denotes ordinary differentiation with respect to g,
A= a/a is the unsteadiness parameter, h= (T  T1)/
(Tw  T1) is the non-dimensional temperature, D= j/l is
the micropolar parameter, n ¼ gbb=a2 ¼ Grx=Re2x is the mixed
convection or buoyancy parameter with Grx = gb
(Tw  T1)x3/m2 is the local Grashof number and Rex = Uwx/
m is the local Reynolds number based on the sheet velocity
Uw(x, t), k0 = c/lj and B= m(1  at)/jb= mx/jUw are the
dimensionless parameters, Pr = m/a is the Prandtl number
and Ec ¼ U2w=cpðTw  T1Þ is the Eckert number.
388 M. Abd El-AzizIt is to be noted that, for n> 0 (Tw > T1), buoyancy
forces act in the direction of the mainstream and ﬂuid is accel-
erated in the manner of a favorable pressure gradient (assisting
ﬂow). When n< 0 (Tw < T1), buoyancy forces oppose the
stretching induced ﬂow, retarding the ﬂuid in the boundary
layer, acting as an adverse pressure gradient (opposing ﬂow).
Further, according to the deﬁnition of the viscous dissipation
parameter, Ec> 0 in the case of assisting ﬂow (n> 0) and
Ec< 0 in the case of opposing ﬂow (n< 0).
From the engineering point of view, the most important
characteristics of the ﬂow are the local skin-friction coefﬁcient
Cfx, the local wall couple stressMwx and the local Nusselt Nux
which are, respectively, deﬁned by:
Cfx ¼ 2
qU2w
½ðlþ jÞð@u=@yÞy¼0 þ jðNÞy¼0 ¼ 2ð1þ DÞRe1=2x f00ð0Þ ð21Þ
Mwx ¼ c @N
@y
 
y¼0
¼ caUw
mð1 atÞ h
0ð0Þ ð22Þ
Nux ¼  x
Tw  T1
@T
@y
 
y¼0
¼ Re1=2x h0ð0Þ ð23Þ
It is worth mentioning that, when n= D= Ec= 0, Eqs. (16)–
(18) in the present problem reduce to those of Ali and Magyari
[41] when n= 1,c= 2 and K= A in their paper while for
A= D= Ec= 0, Eqs. (16)–(18) in the present problem re-
duce to those of Ali and Al-Yousef [18] with m= 1 and
n= 1. in their paper. Further, when D= 0 (Newtonian ﬂuid),
A= 0 (steady ﬂow), n= 0 (forced convection ﬂow) and in the
absence of viscous dissipation (Ec= 0), Eqs. (16)–(18) in the
present problem reduces to those of Grubka and Bobba [15]
with c= 1 in their paper. For this case
(A= D= n= Ec= 0), Eq. (16) has the closed-form solution
fðgÞ ¼ 1 eg ð24Þ
while the solution of Eq. (18) in terms of Kummer’s functions
is given by:
hðgÞ ¼ Mð2;Prþ 1;Pr e
gÞ
Mð2;Prþ 1;PrÞ e
ð1gegÞPr ð25Þ
where M(a, b, z) denotes the conﬂuent hypergeometric func-
tion [42] as follows:
Mða; b; zÞ ¼ 1þ
X1
n¼1
anz
n
bnn!
; ð26Þ
where
an ¼ aðaþ 1Þðaþ 2Þ    ðaþ n 1Þ;
bn ¼ bðbþ 1Þðbþ 2Þ    ðbþ n 1Þ ð27Þ
In view of Eqs. (24) and (25), the skin friction coefﬁcient in
terms of f00(0), and local Nusselt number in terms of h0(0)
are given by:
f00ð0Þ ¼ 1 ð28Þ
 h0ð0Þ ¼ 2Pr
Prþ 1
Mð3;Prþ 2;PrÞ
Mð2;Prþ 1;PrÞ ð29Þ3. Numerical solution
The set of non-linear coupled differential Eqs. (16)–(18) sub-
ject to the boundary conditions Eqs. (19) and (20) constitutea two-point boundary value problem. In order to solve these
equations numerically we follow most efﬁcient numerical
shooting technique with ﬁfth-order Runge–Kutta–Fehlberg
integration scheme. In this method it is most important to
choose the appropriate ﬁnite values of gﬁ 1. To select g1
we begin with some initial guess value and solve the problem
with some particular set of parameters to obtain f00(0), h0(0)
and h0(0). The solution process is repeated with another large
values of g1 until two successive values of f00(0), h0(0) and
h0(0) differ only after desired digit signifying the limit of the
boundary along g. The last value of g1 is chosen as appropri-
ate value of the limit gﬁ1 for that particular set of
parameters.
The three ordinary differential Eqs. (16)–(18) were ﬁrst for-
mulated as a set of seven ﬁrst-order simultaneous equations of
seven unknowns following the method of superposition [43].
Thus, we set y1 = f, y2 = f
0, y3 = f00, y4 = h, y5 = h0, y6 = h,
y7 = h0, Eqs. (16)–(18) then reduced into a system of ordinary
differential equations, i.e.,
y01 ¼ y2; y1ð0Þ ¼ 0
y02 ¼ y3; y2ð0Þ ¼ 1
y03 ¼
1
1þ D Aðy2 þ
1
2
gy3Þ þ y22  y1y3  Dy5  ny6
 
;
y3ð0Þ ¼ d1
y04 ¼ y5; y4ð0Þ ¼ 0
y05 ¼
1
k0
A
3
2
y4 þ
1
2
gy5
 
þ ðy2y4  y1y5Þ þ DBð2y4  3y5Þ
 
;
y5ð0Þ ¼ d2
y06 ¼ y7; y6ð0Þ ¼ 1
y07 ¼
1
2
PrAð4y6 þ gy7Þ þ Prðy2y6  y1y7Þ  PrEcð1þ DÞy23;
y7ð0Þ ¼ d3
where d1, d2 and d3 are determined such that it satisﬁes
y2(1) = 0, y4(1) = 0 and y6(1) = 0. The shooting method
is used to guess d1, d2 and d3 until the boundary conditions
y2(1) = 0, y4(1) = 0 and y6(1) = 0 are satisﬁed. Then the
resulting differential equations can be integrated by ﬁfth-order
Runge-Kutta-Fehlberg integration scheme. The above proce-
dure is repeated until we get the results up to the desired degree
of accuracy, 106.
4. Results and discussion
For validation of the numerical method used in this study, re-
sults for heat transfer rate h0(0) of a Newtonian ﬂuid (D= 0)
were compared with those of Grubka and Bobba [15], Ishak
et al. [44] and exact solution reported in [45] for A= 0.0,1.0
and various values of n and Pr in the absence of viscous dissi-
pation (Ec= 0). The quantitative comparison is shown in Ta-
ble 1 and it is found to be in excellent agreement.
Figs. 2–4 illustrate the axial velocity, angular velocity and
temperature ﬁelds in the absence of viscous dissipation
(Ec= 0) for Pr = 0.72, k0 = 0.3, B= 0.1 and different values
of the buoyancy and unsteadiness parameters n and A, respec-
tively. For assisting ﬂow, namely for positive value of n, it is
seen from Fig. 2 that increasing of n have tendency to induce
more ﬂow in the boundary layer for both values of A. For
Table 1 Comparison of the values of h0(0) for D= Ec= 0 and various values of A, n and Pr with previously published data.
h0(0)
A n Pr Ref. [15] Ref. [44] Exact solution [45] Present results
0 0 0.72 0.8086 0.8086 0.808631350 0.80873135
1.0 1.0000 1.0000 1.000000000 1.00000000
3.0 1.9237 1.9237 1.923682594 1.92368255
10.0 3.7207 3.7207 3.720673901 3.720673949
100 12.294 12.2941 12.29408326 12.29408328
1.0 1.0 1.0873 1.08727816
2.0 1.1423 1.14233927
3.0 1.1853 1.18529030
1.0 0.0 1.6820 1.68199254
1.0 1.7039 1.70391279
0.5 10.0 5.5585 5.55850729
0.5 5.5690 5.56899151
0 2 4 6 8
0
0.02
0.04
0.06
0.08
η
h ξ = 0
ξ = 1
ξ = 10
A = 0.0
A = 0.4
Steady flow
ξ = − 0.5
Figure 3 Angular velocity proﬁles for various values of n and A
with Pr = 0.72, D= 0.5, k0 = 0.3, Ec= 0 and B= 0.1.
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buoyancy is to reduce the velocity compared to those for pure
forced convection (n= 0). This is due to the fact that a posi-
tive n induces a favorable pressure gradient that enhances
the ﬂuid ﬂow in the boundary layer, while a negative n pro-
duces an adverse pressure gradient that slows down the ﬂuid
motion. Also, it is observed that for large values of the buoy-
ancy parameter (n= 10) the velocity overshoots near the wall
over the moving speed of the sheet. From Fig. 2 it is noticed
that the least effect of A on the axial velocity f0(g) occurs in
the case of forced convection ﬂow (n= 0) while greatest one
occurs in the case of free convection ﬂow (n= 10). Further,
for n= 10, the axial velocity f0(g) decreases as A increases near
the sheet where 0 6 g< g0 @ 1.9 whereas for g> g0, it rises
slightly before it dies out at the end of the boundary layer.
Moreover, the effect of A on the axial velocity f0(g) in the case
of opposing ﬂow (n< 0) is insensible for g 6 1 but f0(g) in-
creases with an increase in the boundary layer thickness as A
increases for g> 1.
For assisting ﬂow, Fig. 3 shows for both values of A that
close to the sheet surface and at the last part of the boundary
layer, an increase in the values of n leads to the decrease in the
values of the angular velocity h(g) while for middle part of the
boundary layer at a ﬁxed g position the angular velocity h(g)
increases with the increase of the buoyancy parameter n. For
the opposing ﬂows (n< 0), on the other hand, the angular0 1 2 3 4 5 6
0
0.2
0.4
0.6
0.8
1
1.2
1.4
η 
f ' Α = 0.0
A = 0.4
ξ = − 0.5, 0, 1, 10
Steady flow
Figure 2 Velocity proﬁles for various values of n and A with
Pr = 0.72, D= 0.5, k0 = 0.3, Ec= 0 and B= 0.1.velocity h(g) increases greatly near the sheet where 0 6 g
< g0 @ 1.6 whereas for g> g0, it reduces with a decrease in
thickness of the angular momentum boundary layer. Also,
for assisting ﬂows, increasing values of the buoyancy parame-
ter n move the location of the maximum value of the angular
velocity away from the surface while the opposite trend is no-
ticed for opposing ﬂow. From Fig 3 it is noteworthy that the
direction of the angular velocity be negative very close to the0 1 2 3 4 5 6
0
0.2
0.4
0.6
0.8
1
η 
θ A = 0.0
A = 0.4
Steady flow
ξ = −0.5, 0, 1, 10
Figure 4 Temperature proﬁles for various values of n and A with
Pr = 0.72, D= 0.5, k0 = 0.3, Ec= 0 and B= 0.1.
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Figure 5 Velocity proﬁles for various values of D and n with
Pr = 0.72, A= 0.3, k0 = 0.3, Ec= 0 and B= 0.1.
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Figure 6 Angular velocity proﬁles for various values of D and n
with Pr = 0.72, A= 0.3, k0 = 0.3, Ec= 0 and B= 0.1.
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Figure 7 Temperature proﬁles for various values of D and n with
Pr = 0.72, A= 0.3, k0 = 0.3, Ec= 0 and B= 0.1.
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Figure 8 Velocity proﬁles for various values of Ec and n with
Pr = 0.72, A= 0.3, D= 0.5, k0 = 0.3, and B= 0.1.
390 M. Abd El-Azizsheet for large values of buoyancy parameter (n= 10) and
both values of A which may be a direct result to the velocity
overshoot of f0(g) near the sheet for n= 10.
Fig. 4 shows that for both values of the unsteadiness
parameter A the effect of buoyancy parameter n is to decrease
the temperature h(g) in the case of assisting ﬂow and increases
it in the opposing ﬂow. Also, it is clear from Fig. 4 that the
thermal boundary layer thickness decreases as n increases. In
addition, the effect of buoyancy parameter n demonstrates a
more pronounced inﬂuence on the temperature distribution
of a steady ﬂow (A= 0) than that of an unsteady one
(A= 0.4). For given n, further, it is noticed from Fig. 4 that
the effect of A on the temperature h (g) is found to be more
noticeable in the case of opposing ﬂow than that of the assist-
ing ﬂow.
Representative axial velocity, angular velocity and temper-
ature proﬁles in the case of assisting and opposing ﬂows in the
absence of viscous dissipation (Ec= 0) for A= 0.3, k0 = 0.3,
B= 0.1 and various values of the micropolar parameter D are
presented in Figs. 5–7. It was found for both positive (assisting
ﬂow) and negative (opposing ﬂow) n that the axial velocity f0(g)
and angular velocity h(g) increase while the temperature h (g)
decreases with an increase in the micropolar parameter D but
the effect of D on the velocity and temperature ﬁelds is more
pronounced in the case of opposing ﬂow. When D= 0(Newtonian ﬂuid), there is no angular velocity (h(g) = 0)
and as D increases, the angular velocity is greatly induced
due to the vortex viscosity effect as shown in Fig. 9. Further,
the the micropolar parameter D demonstrates a more pro-
nounced inﬂuence on the axial and angular velocities f0(g)
and h(g) respectively, than that on the temperature h(g). More-
over, it is seen from Figs. 5 and 6 that the smaller the D, the
thinner the momentum and angular momentum boundary
layer thickness while the opposite trend is true for the thermal
boundary layer as obvious from Fig. 7.
Figs. 8–10 are the plot of the velocity, microrotation and
temperature distribution with g for various values of Eckert
number Ec in the case of assisting and opposing ﬂows for
Pr = 0.72, A= 0.3, k0 = 0.3, B= 0.1 and D= 0.5. It is
known that the viscous dissipation produces heat due to drag
between the ﬂuid particles and this extra heat causes an in-
crease of the initial ﬂuid temperature (see Fig. 10). This in-
crease of temperature causes an increase of the buoyant
force. Also, there is a continuous interaction between the vis-
cous heating and the buoyant force. This mechanism produces
different results in the assisting (upward) and opposing (down-
ward) ﬂow. In the assisting (opposing) ﬂow, the increase in the
values of positive (negative) Ec will increase the buoyant force
in the upward (downward) direction which results in an in-
crease in the ﬂuid velocity as shown in Fig. 8. The positive
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Figure 9 Angular velocity proﬁles for various values of Ec and n
with Pr = 0.72, A= 0.3, D= 0.5, k0 = 0.3, and B= 0.1.
Fig. 2
0 1 2 3 4 5 6
0
0.2
0.4
0.6
0.8
1
-0.2 η 
θ ξ = 1 (Assisting flow)
ξ = −0.5 (Opposing flow)
Ec =− 4
Ec =− 2
Ec = 0
Ec = 2
Ec = 4
Figure 10 Temperature proﬁles for various values of Ec and n
with Pr = 0.72, A= 0.3, D= 0.5, k0 = 0.3, and B= 0.1.
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Figure 11 Local skin friction coefﬁcient f00(0) vs. A for various
values of D and n with Pr = 0.72, Ec= 0, k0 = 0.3, and B= 0.1.
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ward (n> 0 and hence Ec> 0) and downward (n< 0 and
hence Ec< 0) ﬂow, respectively as shown in Fig. 8.
It is noted from Fig. 9 that the angular velocity h(g) ﬁrst de-
creases near the sheet surface where 0 6 g< g0 where g0 = 1.8
in the case of assisting ﬂow and g0 = 2.1 in the case of oppos-
ing ﬂow but the situation is completely reversed in the other
part of the boundary layer where g> g0.
According to the deﬁnition of Eckert number, a positive Ec
corresponds to ﬂuid heating (heat is being supplied across the
walls into the ﬂuid) case (Tw > T1) so that the ﬂuid is being
heated whereas a negative Ec means that the ﬂuid is being
cooled. From Fig. 10 it is seen that the dimensionless temper-
ature increases when the ﬂuid is being heated (Ec> 0) but de-
crease when the ﬂuid is being cooled (Ec< 0). For Ec< 0 the
dimensionless ﬂuid temperature h(g) decreases monotonically
with g, from unity at the wall towards its free-stream value.
It is noted from the deﬁnition of h that this behavior implies
the monotonous decrease in the actual ﬂuid temperature in
the horizontal direction from the sheet temperature Tw to the
free-stream temperature. On the other hand, for Ec< 0 (i.e.
Tw < T1) the dimensionless ﬂuid temperature h decreases
with g rapidly at ﬁrst, arriving at a negative minimum value,
for Ec= 4 and then increases more gradually to its free sur-
face value. Correspondingly, the actual ﬂuid temperature in
the horizontal direction increases at ﬁrst from the surfacetemperature Tw to a maximum value and then decrease to its
free-stream value. It should be noted that for the ﬂuid cooling
case (Ec< 0) a negative h indicates the excess of actual ﬂuid
temperature T over that at the plate because of the viscous dis-
sipation effect.
Typical variations of the local skin friction coefﬁcient in
terms of f00(0), wall couple stress in terms of h0(0) and the heat
transfer result in terms of the dimensionless wall temperature
gradient h0(0) as a function of the unsteadiness parameter
A for two representative micropolar parameters, D= 0 (New-
tonian ﬂuid) and D= 3 (micropolar ﬂuid) and various values
of the buoyancy parameter n are presented in Figs. 11–13. As
compared to the case of forced convection ﬂow (n= 0),
Figs. 11 and 13 demonstrate that for given A and D the local
skin friction coefﬁcient f00(0) and the local Nusselt number
 h0(0) increase for positive buoyant force (n> 0) and de-
crease for negative buoyant force (n< 0) while the opposite
behavior is true in the case of couple stress h0(0) as clear from
Fig. 12. In addition, the effect of buoyancy parameter n on
f00(0) and h0(0) of a Newtonian ﬂuid (D= 0) is more pro-
nounced than that of a micropolar ﬂuid (D= 3). From
Fig. 11 it is noted that positive skin friction coefﬁcients are ob-
tained for n= 10 which are due to the velocity overshoot as
one can see from Fig. 2. It is also observed for all A that the
local skin friction coefﬁcient f00(0) increases with D for
n= 0.5 (opposing ﬂow), n= 0 (forced convection ﬂow)
and n= 1 (mixed convection ﬂow) but the opposite behavior
is obtained for n= 10 (free convection ﬂow). For given n
and D, Fig. 11 reveals that the local skin friction coefﬁcient
f00(0) decreases as the unsteadiness parameter A increases.
Fig. 12 reveals that for a given A the couple stress h0(0) in-
creases signiﬁcantly with D for negative and lower values of the
buoyancy parameter (n= 0.5, 0 and 1) but the opposite
trend is noticed at larger values of n (n= 10). These behaviors
are consistent with the results of the dimensionless angular
velocity proﬁles shown in Fig. 12. Further, for given D, the ef-
fect of the unsteadiness parameter A on the couple stress h0(0)
is opposite to that of D. Also, the couple stress h0(0) is greatly
decreased as n is increased for both D values but this behavior
is found to be more noticeable at larger values of D.
For given n and D, Fig. 13 reveals that the heat transfer is
greatly enhanced as the unsteadiness parameter A is increased.
Also, the inﬂuence of the unsteadiness parameter A on the heat
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Figure 12 Wall couple stress h0(0) vs. A for various values of D
and n with Pr = 0.72, Ec= 0, k0 = 0.3, and B= 0.1.
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Figure 13 Local Nusselt number h0(0) vs. A for various values
of D and n with Pr = 0.72, Ec= 0, k0 = 0.3, and B= 0.1.
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Figure 14 Local skin friction coefﬁcient f00(0) vs. A for various
values of Ec and n with Pr = 0.72, D= 0.5, k0 = 0.3, and
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Figure 15 Wall couple stress h0(0) vs. A for various values of Ec
and n with Pr = 0.72, D= 0.5, k0 = 0.3, and B= 0.1.
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Figure 16 Local Nusselt number h0(0) vs. A for various values
of Ec and n with Pr = 0.72, D= 0.5, k0 = 0.3, and B= 0.1.
392 M. Abd El-Aziztransfer coefﬁcient h0(0) is seen to be more noticeable for
lower values of A . Further, for given A it is noticed from
Fig. 13 that the effect of D is to increase the local transfer coef-
ﬁcient h0(0) signiﬁcantly for opposing ﬂow (n= 0.5) and
forced convection regime (n= 0) and this effect is reduced
for mixed convection regime (n= 1) but as n increases more
(n= 10), the relation between  h0(0) and D explained earlier
is switched. In other words the micropolar ﬂuid is better suited
for effective cooling of the unsteady stretching sheet only when
the ﬂow is forced convective. From Fig. 13 it is clear that the
heat transfer coefﬁcient increases with n for all values of A and
both values of D but this trend is seen to be more signiﬁcant in
the case of Newtonian ﬂuid (D= 0).
Variations of the local skin friction coefﬁcient f00(0), wall
couple stress h0(0) and the local Nusselt number  h0(0) as a
function of the unsteadinessparameter A for various values
of the buoyancy parameter n and Eckert number Ec are pre-
sented in Figs. 14–16. It is clear from Fig. 14 that for ﬁxed
A the skin friction coefﬁcient increases as Ec increases for both
opposing and assiting ﬂow cases. In addition, the effect of vis-
cous dissipation on f00(0) is more pronounced for lower values
of A. It is also obseved that the local skin friction coefﬁcient
f00(0) of buoyancy assisting ﬂow is higher than that of buoy-
ancy opposing ﬂow for all values of A and Ec.
The effect of viscous dissipation on the wall couple stress
h0(0) is completely opposite to that on the local skin frictioncoefﬁcient f00(0) as obvious from Fig. 15. Further, viscous dis-
sipation demonstrates a more pronounced inﬂuence on the the
wall couple stress h0(0) in the opposing ﬂow than that of assist-
ing ﬂow.
Mixed convection ﬂow of a micropolar ﬂuid from an unsteady stretching surface with viscous dissipation 393For given A Fig. 16 demonstrates that the heat transfer rate
is enhanced for ﬂuid cooling case (Ec< 0 and n< 0) but it is
reduced for the ﬂuid heating case (Ec> 0 and n> 0). These
behaviors are consistent with the results of the dimensionless
temperature proﬁles shown in Fig. 10, where the wall temper-
ature gradient is increased for Ec< 0 but is decreased for
Ec> 0. Also, the inﬂuence of viscous dissipation on the heat
transfer is seen to be more noticeable for higher values of
the unsteadiness parameter A. In addition, the local heat trans-
fer coefﬁcient h0(0) takes a higher value for a negative Eckert
number Ec but a lower value for a positive Ec, as compared
with the case of no viscous dissipation (Ec= 0).
5. Conclusion
In this paper, the mechanical and thermal properties of unstea-
dy boundary layer ﬂow of a viscous micropolar ﬂuid past a
vertical stretching surface taking into account the buoyancy
and viscous dissipation effects have been investigated systemi-
cally. With the help of appropriate transformation, the govern-
ing time dependent boundary layer equations for momentum
and thermal energy are reduced to coupled non-linear ordinary
differential equations which are then solved numerically using
the shooting method. Results for the velocity and temperature
distributions as well as the local skin friction coefﬁcient, the lo-
cal wall couple stress and the local heat transfer coefﬁcient are
presented for representative governing parameters. As a sum-
mary, we can conclude that
1. The micropolar parameter enhances the heat transfer rate
in opposing ﬂow and both forced and mixed convection
regimes but reduces it in free convection regime.
2. The micropolar ﬂuid leads to a faster rate of cooling of the
stretching sheet only in the case of forced convection
regime.
3. The dimensionless temperature will increase when the ﬂuid
is being heated (Ec> 0) but decrease when the ﬂuid is
being cooled (Ec< 0). The dimensionless ﬂuid temperature
decreases with gmonotonically for a positive Ec; while for a
negative Eckert number h initially decreases rapidly with g,
attains a minimum value, and then increases more gradu-
ally to its free-stream value.
4. The heat transfer rate of a micropolar ﬂuid is enhanced
greatly as either of the buoyancy or the unsteadiness
parameters was increased.
5. The buoyancy parameter demonstrates a more signiﬁcant
inﬂuence on the local skin friction coefﬁcient and the local
heat transfer coefﬁcient of a Newtonian ﬂuid than that on
those of a micropolar ﬂuid.
6. The local heat transfer coefﬁcient h0(0) takes a higher
value for a negative Eckert number Ec but a lower value
for a positive Ec as compared with the case of Ec= 0.Acknowledgements
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